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INTRODUOTION 
If R is a non-associative ring, the trilinear function f: R3 -+ R, defined 
by f (a, b, c) = (ab)c - a(h), is called the associator-function. f(a, b, c) is 
denoted by (a, b, c) and is called an associactor; a, b and c are the entries 
of the associator. R is an associative ring if and only if the range off is (0). 
and 
R,(l) : R3 + R with R3(l)(al, a3, a3) = (aia2)a3 
R3(2) : R3 + R With R3(2)(ai, a3, u3) =ai(o@3) 
are trilinear functions. For n > 3 we define by induction: 
p,w2, . . . . AM?): Rn --f R with 
P,(~l~h...~k-Z)(a,, U2, . . . . u,)=P,-~~Z~~8....~~~-2) (al, . . . . Uj,Ujl+l, . . . . an) 
with 1~ jk< n - k and 1~ k <n - 2 ; in this way n-linear functions are 
defined, usually called n-product functions. 
P,(h,lz,...,k-z)(a,, . ..) a,) is denoted by ala2 . . . a,, equipped with a 
suitable bracketing and is called an n-product. 
If P,(fl ‘...‘k-zqal, . ..) a,) =d E R for each sequence jr, . . ., j,-3 with 
1 < jk<n-k and 1 ~kgn- 2, the n-product ai . . . a, is called staHe. 
If r is a fixed element of R, then an associator containing r as an entry, 
is called an r-associator. The set of all r-associators is denoted by A,(3) 
and A,.(k+2) is the set of k-products in R containing at least one factor 
in A,.(3). 
For A>3 we define: 
Nh = {rlr E R; A,(A) = 0} 
and 
Gh= {r/r E R; any h-product containing r as a factor, is stable). 
N = G3= N3 is called the nucleus of R. 
K3=G3nG4 and Kh=Gh for h>4. 
It was shown that the K-chain K3 C KJ C KS C . . . is a chain of R-ideals 
(cf. 3, theorem 4.4) and that K3 is the maximal R-ideal in N (cf. 4). 
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In 3 1 we discuss some properties of the K-chain and in Q 2 it will be 
shown that the N-chuin Na C N4 C N5 C . . . is a chain of subrings of R. 
R is called an h-PA ring (an h-prod-associative ring) if each h-product 
is stable. R is an I-PA ring if and only if Kh= R. 
R is called an Nh-ring if NI, = R. The Ns-rings are the associative rings, 
the Na-rings are 4-associative rings, i.e. rings in which 
(cc, b, c)d+a(b, c, d) = 0 for all a, b, c, d E R. 
Let B be a subset of R, then B8 is the set of finite sums of s-products 
c&x2 . . . a8 with uk E B (k= 1, 2, . . . . s). If R is not associative and if B is 
an R-ideal, then B8 (s> 2) need not be an R-ideal. An R-ideal B is called 
an s-ideal if B8 is an R-ideal. R is called an s-ideal-ring if B8 is an R-ideal 
for each R-ideal B (cf. 2). The associative, the alternative and the Lie- 
rings are Z-ideal-rings, the Jordan-rings are 3-ideal-rings. In Q 1 it is 
shown that Kh+l is an h-ideal in R. 
The set V= Vs is the set of finite sums of type (R, R, R) and (R, R, R)R; 
for n> 4 the set Vm is the set of finite sums of type (Ra, Rb, Rc) and 
(Rh, R”, Rj)Rk with a+ b + c = h+ i +j + k = n. The associator-ideal V = V3 
is an R-ideal (cf. 6, theorem 1.2). In 5 3 we show that the chain 
v33 v43 v53 . . . is a chain of R-ideals, the V-chain and we establish 
a narrow relation between the V-chain and the K-chain. 
The N-, K- and V-chain may be considered as different measures of 
the non-associativity of R. 
In Q 4 we give a couple of illustrative examples. 
8 1. THE K-CHAIN 
In a non-associative ring R the set KO is defined by Ko= Uh Kh. Obvi- 
ously KO is an R-ideal. If the K-chain KS C K4 C . . . C K,, = Km+1 = . . . is 
finite, it is clear that Ko= K,. A special example is the case in which R 
is an A-PA ring; the K-chain is finite and KO = Kh = R. In general, however, 
we obtain the infinite chain KS C K4 C . . . C Ko. The inclusions need not 
be proper. 
DEFINITION : R is called a PA-ring if for each element r E R there 
exists a natural number h such that r E Kh. 
THEOREM 1.1: R is a PA-ring if and only if Ko= R. Indeed, this 
follows from the definition. 
DEFINITION : R is called strictly PA or a strictly PA-ring if Ko= R 
and KO # Kh for each natural number h> 3. 
REMARKS : a) Clearly a k-PA ring is a PA-ring, but not strictly PA. 
b) Km= Km+1 does not imply that K, = K, for all n>.m, as will be 
shown in an example in Q 4. 
c) If R is a not-associative n-PA ring, then Kn= R and the K-chain 
contains at least one K, so that Km is a proper subset of K,+l. This 
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confirms the well-known fact that R consists of zero-divisors only (cf. 5, 
theorem 4 and the first corollary below). 
THEOREM 1.2: The nucleus N is an R-ideal if and only if N = KS. 
PROOF: Cf. 4, p. 394 remark 2. 
THEOREM 1.3 : If R has a regular element and N is not an ideal, 
then Ks=Ka= . . . is a proper subset of N. 
PROOF: Cf. 3, p. 286. 
In particular, if R has a unity e, then KS = K4 = . . . is a proper subset 
of N. In this case N cannot be an ideal since e EN and on the other 
hand e $ K3, hence KS is a proper subset of N. Then apply theorem 1.2. 
THEOREM 1.4: If R has a regular element and N is an R-ideal, then 
K3=K4=...=N. 
PROOF: Cf. 3, p. 285. 
COROLLARY: If K,# Km+1 for some n, then each element of R is a 
zero-divisor. 
THEOREM 1.5: Kh+l is an h-ideal of R. 
PROOF: We have to show that (Kh+~)h is an R-ideal. Let al, as, . . . . ah 
be any elements of K&+1, then the h-product alas . . . ah E (Kh+#. Let r 
be any element in R, then ralas . . . ah is an (h+ I)-product in R containing 
al E Kh+l and hence stable. Then r(aras . . . ah) = (ral)as . . . ah, an h-product 
in (&+l)h, since ral E Kh+l. In the same way (alas . . . ah)r E (Kn+~)h. 
COROLLARY: If R is strictly PA and k is a natural number, then R 
contains an s-ideal for any s> k. 
3 2. THE N-CHAIN 
THEOREM 2.1: If r~Nh then r~Nh+r. 
PROOF: This is clear from the definition. 
THEOREM 2.2: Nh is a subring of R. 
PROOF: It is clear that from a, b E Nh it follows a -b E Nh. Moreover 
(ab, x, y) = (a, bx, y) - (a, b, ZY) +a(b, Z, y) + (a, b, x)y (Teichmiiller-identity); 
an (h -2)-product containing a(b, Z, y) or (a, b, x)y as a factor is an (h - l)- 
product containing (b, x, y) or (a, b, 2) as a factor and hence zero (theorem 
2.1). As a consequence each (h - 2)-product containing (ab, x, y) as a factor, 
is zero. In a similar way the same can be proved for (2, ab, y) and (5, y, ab). 
Hence ab E Nh and Nh is a subring of R. 
COROLLARY: The N-chain Ns C N4 C Ng C . . . is a chain of subrings 
of R. 
292 
THEOREM 2.3: If R is an Nn-ring, then each (h- 2)-product in which 
one of the factors is an associator, is zero. 
PROOF: This is clear from the definition (cf. the introduction). 
From theorem 2.1 it follows immediately: 
THEOREM 2.4: If R is an N&-ring, then R is an Nh+i-ring. 
THEOREM 2.5: Ka C Nh. 
PROOF: r E Nh implies a partial equality between the different bracket- 
ings of an h-product containing r as a factor, whereas r E RI, implies 
that any h-product containing r as a factor is stable. 
COROLLARY: 
KsCKqC...CKaC... 
n n n 
N3 C N4 C ..a C NA C . . . 
THEOREM 2.6: If R is an Nh-ring, then R is an h-associative ring. 
PROOF : The h-associative rings are defined by an identity I&i, . . . , zh). 
IA,+l(Xl, *a*, xh+l) =~&152, X3, . . ., z~+l) -I~(xl, X2x3, X4, . . ., XA+I) i- . . . + 
+ ( - l)r-lIA(xl, . . . , XA-I, X&%+1) and 13(x1, x2, xs) = (~lx2)~3-51@2x3). 
(For more details cf. 5 and 6). Using these relations one obtains by 
induction that I&l, . .., xh) is a sum of (h-2)-products of type 
x1x2 . . . x&+1, xj+Z, xj+S)3-3+4 a.. XA-1xA. 
If R is an Nh-ring, all these products are zero. 
REMARKS: a) Define No= (JA NI,; clearly NO is a subring of R. 
Moreover KO C No. 
b) R is called strictly No or a strictly No-ring if NO = R and No # NA 
for all natural h. This implies that there is a surjection t: R -+ I2 such 
that, if t(r) =n, each n-product containing an r-associator as a factor, 
vanishes and (if n > 2) at least one (n- 1)-product containing an r-asso- 
ciator does exist which is not zero ( Tr is the set of natural numbers 
1, 2, 3, . ..). 
3 3. THE V-CHAIN 
R is a non-associative ring. The set V= Vs consisting of finite sums 
of type (R, R, R) and (R, R, R)R is an R-ideal, the associator-ideal. 
(Cf. 6, theorem 1.2). 
DEFINITION: TIN is the set consisting of finite sums of type (Ra, Rb, Rc) 
and (Rk, RI, Rm)Rn with a, b, c, k, 1, m, n natural numbers such that 
a+b+c=k+E+m+n=N and N>4. 
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In the following theorem the proof is based on the two principal ideas: 
a) A fundamental identity in non-associative rings is the Teichmiiller- 
identity: (a, b, c)d + a@, c, d) = (ab, c, d) - (a, bc, d) + (a, 13, cd) and b) An 
n-product (n> 2) can always be considered as an (n- 1)-product. 
THEOREM 3.1: VN is an R-ideal. 
PROOF: R(Ra, Rb, Rc) + (R, Ra, Rb)Rc= (RRa, Rb, Rc) - (R, RaRb, Rc) + 
+ (R, Ra, RbRc). Hence R(Ra, Rb, Rc) E VAT. 
[(Rk, RI, Rm)Rn]R=((Rk, Rl, Rm), Rn, R)+ (Rk, Rl, Rm)(RnR) E VN. 
Finally : R[(Rk, Rl, Rm)Rn] = (R, (Rk, Rl, Rm), Rn) + [R(Rk, RI, Rm)]Rn = 
= (R, (Rk, Rl, Rm), Rn) + (RRk, Rl, Rm)Rn+ (R, RkRJ, Rm)Rn+ 
+ (R, Rk, RlRm)Rn+ [(R, Rk, Rl)Rm]Rn= (R, (RR, RI, Rm), Rn)+ 
+ (RRk, Rl, Rm)Rn + (R, RkRl, Rm)Rn + (R, Rk, RlRm)Rn + 
+((R, Rk, RI), Rm, Rn)+(R, Rk, Rl)(R”R”) E VN. 
REMARK: The chain V3 r> V4 r) T’s 1 . . . is a chain of R-ideals, the 
V-chain. 
THEOREM 3.2: Vn = (0) if and only if R is n-PA. 
PROOF: Cf. 3, lemma 3.3. 
THEOREM 3.3: VmKn=&Vm=(0) for n=3, 4, . . ..m+l and m>3, 
n>3. 
PROOF: If m > 4 and k, E Km, then (Ra, Rb, Rc)k, and [(Rp, Rq, R*)Rt]k% 
as well as kn(Ra, Rb, Rc) and kJ(RP, Rq, R”)Rt] with a+ b+c= 
=p+q+s+t=m are zero if 3<n<m+l. If m=3, then (R, R, R)kn and 
[(R, R, R)R]k, are both zero if n < 4. Hence 3 Q n =G 4 in accordance with 
the formula. 
§ 4. EXAMPLES 
a) R is the n-dimensional algebra over the field K with basis ai, aa, . . . , a, 
and basis-multiplication aiz= ~2, ala.2 = aa, alaa = ~4, . . . , ala,-1 = a,, other 
products zero. If we denote the elements of R by capitals, e.g.: 
A=@l,P2, . . ..j.b). B=(ql, a.., Qn), C=(rl, .a., rn), D=(al, ea.9 b) 
with or, qt, n, at E K, then &I = (0, plql, plqz, . . . , Plqn-l), hence (AJW = 0 
and C(AB) = (0, 0, ripiqi, ripiqz, . . . . rlplqn-2). 
D[C(AB)] = (0, 0, 0, mp1q1, . . ., mplq,-3) etc. 
and it is clear that a k-product is an element in which the k-th coordinate 
is the first one that is not necessarily zero: (0, 0, . . . . 0, tk, . . . . tn). Thus 
an (n+ I)-product is zero, no matter how the brackets are placed. Since 
the n-product of type A&42(... (~&&4,-i&)) .a.) is not necessarily zero, 
R is (strictly) (n+ l)-PA. 
294 
It can easily be calculated that the nucleus N consists of all those 
elements (ti, t2 , . . . . t,-1, tn) in which ti=tz = . ..=t.-2=0, i.e. N is the 
subalgebra of R generated by a,-1 and a,. Let this be denoted by 
N = [a,.+ a,]. Each 4-product ABCD in which one of the factors is a 
nucleus-element, is stable, hence N C KJ and N = KS is an ideal in R. 
Obviously K4 = [a12-2, a,-1, a,]. In general : Km = [an++2, asl+,+s, . . . , a,]. 
In particular Kn+l = [ai, a2, , . . , a,] = R. The K-chain is 
It is not difficult to see that Nh = Kh for all h 2 3. Hence the N-chain 
Ns=Ks C N~=K,J C Nb=K5 C . . . C N,=K, C N,+I=K,+I=R is a chain 
of ideals in this case. 
Finally I’= 7s = [as, ad, . . . , a,], 
V4 = [a4, a5, . . . , a,], . . . , Vk = [ak, ak+l, . . . , anI, . . . , vm = ihl, 
V’,+i = (0) and the V-chain is I’ = I’s 1 I74 r) . . . 3 7, r) V,+i = (0). It is 
clear that V, = Kn-m+2 for n> 4 and 3gmgn- 1 and this implies that 
Vi=(O) for those m’s which satisfy 3<n-m+2<m+l, i.e. m+l<n< 
g2m-1. 
In particular: if n= 4 then Vi= (0); if n=5 then I’:= Vi= (0), etc. 
b) R is a commutative n-dimensional algebra over a field K with basis 
al, az, . . . , a,, and basis-multiplication alaa = a2al = as, as2 = ad, a42 = as, . . . , 
. . . . a,,-is=a,, other products are zero. As in the first example we write 
A=(p1,p2, ***, r),J etc. We now obtain 
AB = BA = (0, 0, plq2 +-Ipzql, psqa, l)4q4, . . . , n-lqn-1). 
(AB)C = (0, 0, 0, plqm fpzqm, psq3’/4, . . . , z-bzqn-2%1). 
Obviously a k-product of type (.a. ((AlA2)As) . ..)Ak is an element in which 
the (k+ l)-th coordinate is the first one that is not necessarily zero: 
(0, 0, **a, 0, &+1, hf2, *a*, tn). But a k-product of type 
(*.a ((AlAz)(AsA4))(AsAs)) . . . At 
is an element (0, . . . . 0, u,,,+i, um+2, . . . . u,) in which m may be smaller 
than k. 
E.g. : 
but 
(WW)D= (0, 0, 0, 0, ts, . . ., tn) 
(AB)(CD) = (0, 0, 0, 84, . . . . 8%). 
If the 6-product ABCDEF determines the element 
(0, . . . , 0, vk+l, vk+2, . . . , %a) 
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with vk+l# 0 and k depending on the .bracketing of ABCDEF, then k is 
minimal if the g-product is considered as the product of two 3-products. 
In general: a k-product determines an element in which the 
[zlog (k - 1) + 3]-th 
coordinate is the first one that is not necessarily zero. It follows that 
R is a (BA-z+ l)-PA ring. 
The nucleus N = [a,] is an ideal. Hence Ka = N = [a,]. For n 2 4 however 
we cannot easily describe the structure of K,. E.g. : If n = 4, then Ks = [aa], 
Ka=[aa, a43 and KS=&= . . . =R. If n=5, then &=&=&=[cz~], 
& = K7 = [Q, q,], Kg = [us, ~4, us] and KS = KIO = . . . = R. 
The structure of Nh is also rather complicated. Just as in the first 
example Nh is an ideal, but now Nh and KI, are not always the same 
ideal. If n = 4, then Ns = [a43 and N4 = Ng= Na = . . . = R= [al, UZ, US, 4. 
Ifn=5, then Ns=[us], but N4=Ns=Ns=N,=[u4, us] and Ns=Na=Nio= 
=...=R=[ul, ~2, ~3, a4, us]. 
The V-chain: it is clear that in an element of I’ the [zlog (m - 1) + 3]-th 
coordinate is the first one that is not necessarily zero. Since VmKj = (0) 
for j=3, 4, . . . . m, m + 1, it follows that if M is the maximal natural 
number m for which [zlog (m - 1) + 21 <n - 1, i.e. if M = 2n-3, then 
K~=KQ=...=KM+~=[~,]. If n=4, then VS=[U~], V,=(O). If n=5, then 
V~=V~=[U~,U& VS=VS=V,=VI~=[U~] and Ve=(O). 
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